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1. Let 4 be a real symmetric matrix satisfying Ak==1 for some positive

-
integer k, where / is the identity matrix of the same size as 4. Prove A4~ ==,

5

2. Let v be a nonzero vector of the Euclidesan space R, Let T: R?R? be

the linear operator given by the formula T(x)=x—2x, Vv for all zER™, where (,)

is the standard inner product. Prove that 7T car be represented by the matrix

where I is the (n—1)X(n —1) identity matrix.
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Let T: !RJ—~IR3 be the linear operator representad by the matrix

|

._u_J

Show there exist nonzero T-invariant subspaces
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1
1
0

with respect to the standard basis.

Uand V of ER3 satisfying R3=U{91".

4. Let T: Rn—olRm be a linear transformation of rank k. Show there exist

linear transformations U: Rn-—*Rk and 1/ IRk—dRm, where U is onto and }" is one-to-

one, satisfying T =V'U.
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5. Denote by Maty,:K) the set of all real

n>n matrices. A matrix

NeMat (K} is called nilpotent if Nk =0 for some positive integer k.

(a) Do all nilpotent matrices form a subspace of Matp{R1?

(b) Prove | +A is invertible, where I€Matp(R) is the identity matrix.

(c) Show [+N is diagonalizable if and only if N=0.

6. Let A=(a

»

z'j] be the n'~n real matrix satisfying aij=1 for ell i, j==1, ...

n. Denote by the same letter 4 the linear operator R R whose representation

matrix with respect to the standard basis is A,
{a) Describe Ker A and Im 4 as subsets of R,

(b) What is the minimal polynomial of 47

(¢) Show 4 is diagonalizable.




